We give two applications of the recent classification of locally finite simple finitary skew linear groups. We show that certain irreducible finitary skew linear groups of infinite dimension, generate the variety of all groups and have infinite Prüfer rank.
Introduction
In this note, we give an example of how the recent classification of locally finite simple finitary skew linear groups (see [1] and [12] ) can be used. We shall only be interested in finitary skew linear groups over division rings which are * This work was supported by an EPSRC grant.
1 locally finite-dimensional over some subfield. These groups have a local Zariski topology, which can be applied to pull up results from the theory of linear groups.
Throughout, D will be a division ring which is locally finite-dimensional over some subfield F , unless stated otherwise. Let V be a left vector space over D.
A finitary skew linear group on V is a subgroup of
A permutation group G on the set Ω is called finitary if every permutation in G fixes all but finitely many elements of Ω.
A group G is said to be lawless if it generates the variety of all groups; that is, if G satisfies no non-trivial law.
The group G has finite Prüfer rank r if every finitely generated subgroup of G can be generated by r elements, and r is the least integer with this property.
Of course, if no such r exists, we say that G has infinite Prüfer rank. We shall extend these results to finitary skew linear versions. We prove the following: Theorem 1. Let G be a finitary skew linear group on V .
1. The group G is either lawless or is locally-soluble by locally-finite.
2. If G is irreducible and dim D V is infinite then G is lawless.
Theorem 2. Let G be a group of finite Prüfer rank.
1. Suppose that G is a finitary permutation group on Ω. Then G has finite orbits on Ω. 
Suppose that

The Zariski topology
This section extends some of the results of Puglisi [6] Section 2 to our situation.
Let G ≤ FGL(V ) and let X be a finitely generated subgroup of G. Now X is skew linear over D, say X = x 1 , . . . , x s ≤ GL(n, D) and further, X ≤ GL(n, E) where E is the subring of D generated by F together with the entries of the matrices x 1 , . . . , x s . Then E is finite-dimensional over F , say of dimension m, and so X ≤ GL(mn, F ). Therefore X carries the usual Zariski topology of linear groups (see [10] Chapter 5) and has a connected component X
• containing the identity. Using the proof of [9] Proposition 2.2, we see that if Y is a finitely generated subgroup of G containing X, then the topology induced on X from that on Y coincides with the Zariski topology on X. Thus X • is well-defined
Let G − denote the union of the subgroups X • where X ranges through all the finitely generated subgroups of G. The following result is well-known.
2.1. Lemma. Let G ≤ FGL(V ).
2. If X is a class of groups and if for each finitely generated subgroup X of
Proof. Now X • ¡X and the X • form a local system of G − , where X is a finitely generated subgroup of G. Thus G − ¡ G and 2 follows. A finitely generated subgroup of G/G − has the form G − X/G − where X is some finitely generated subgroup of G. Now X • has finite index in X by [10] Lemma 5.2 and
Thus G − X/G − is finite.
Proposition. Let G ≤ FGL(V ).
Suppose that X is a subgroup closed class of groups such that if
where L is linear over a field and P ∈ X, then the Zariski closure of P in L lies in X. If G is locally X-by-finite, then G is locally-X by locally-finite.
2. Suppose that X is a variety. If G is locally X-by-finite, then G is X by locally-finite.
Part 2 of 2.2 for D a field is [6] Theorem 2.3.
Proof. Let H be a finitely generated subgroup of G. Then there is a normal subgroup N of H such that N ∈ X and H/N is finite.
In the case of 1, the closure N of N in H lies in X. Now N ≤ N so that 
The result now follows from 2.1, using the fact that a variety is locally closed.
The proofs of Theorem 1 Part 1 and Theorem 2 Part 2(a):
Let G ≤ FGL(V ). Suppose that G has finite Prüfer rank. Let X be a finitely generated subgroup of G. Now X is linear and so by Platonov's Theorem, X has a soluble normal subgroup N of finite index in X. By A. Lichtman (see [8] Theorem 1.4.9) has constructed a finitely generated skew linear group G which satisfies a non-trivial law (so, in particular, contains no non-cyclic free subgroup) and is not soluble-by-finite. Because G is finitely generated, it cannot be locally-soluble by locally-finite. We also know all possibilities for S in 3.1. Then G contains a copy of every finite group.
